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Abstract. The Weyl curvature hypothesis of Penrose attempts to explain the high homogeneity 
and isotropy, and the very low entropy of the early universe, by conjecturing the vanishing of the 
Weyl tensor at the Big Bang singularity. 

In previous papers it has been proposed an equivalent form of Einstein's equation, which 
Cn ' extends it and remains valid at an important class of singularities (including in particular the 

Schwarzschild, FLRW, and isotropic singularities). Here it is shown that if the Big Bang singu- 
larity is from this class, it also satisfies the Weyl curvature hypothesis. 

As an application, we study a very general example of cosmological model, which generalizes the 
Ch i FLRW model by dropping the isotropy and homogeneity constraints. This model generalizes both 

^ . the FLRW model and the isotropic singularities. We show that the Big-Bang singularity of this 

model is of the type under consideration, and satisfies therefore the Weyl curvature hypothesis. 
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K> ■ Introduction 

5h ■ 

C^ . 0.1. The Weyl curvature hypothesis. In searching an explanation of the second law of Ther- 

modynamics, and of the high homogeneity and isotropy of the universe, especially around the Big 
Bang, Roger Penrose arrived at the Weyl curvature hypothesis (WCH) [ij. 

His physical motivation was the search for an explanation of the arrow of time - the second law, 
formulated as the law of increasing entropy. As it is known, Boltzmann's explanation relies on 
the atomic structure of matter, in the framework of Newtonian mechanics. But the fundamental 
evolution equations in Newtonian mechanics are symmetric in time, in the sense that reversing 
the time in the equations leads to equally valid equations, with equally valid solutions. This 
explanation works also in the context of modern physics, because we don't know of fundamental 
laws which are not invariant at time reversal (or at least at the simultaneous CPT transformation) . 
In terms of the coarse grained phase space, the entropy is proportional to the logarithm of 
the volume of the system. Systems at thermal equilibrium occupy the largest volume in phase 
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space. Any state tends to evolve towards the most probable state, which is of highest entropy. 
The observations that entropy currently increases show that it was lower in the past, and that it 
was in fact more and more lower as one approaches the beginning of the Universe. 

Penrose's analysis lead him to the conclusion that the initial conditions of the Universe had 

to be restricted to a very small region of the phase space: of about — ^^3 (for comparison, the 

number of particles in the visible universe is of just 10^*^). His analysis of the flow of energy in 
the Universe led him to the idea that the second law of Thermodynamics is due to very high 
homogeneity around the Big-Bang. Penrose explains this homogeneity by the following argument 
m, p. 614): 

In terms of spacetime curvature, the absence of clumping corresponds, very roughly, 
to the absence of Weyl conformal curvature (since absence of clumping implies 
spatial- isotropy, and hence no gravitational principal null-directions). 

He further added "this restriction on the early geometry should be something like: the Weyl 
curvature Cabcd vanishes at any initial singularity" ([I], p. 630). 

The Weyl tensor Cabcd is the traceless part of the Riemann curvature tensor Rabcd- From 
gravitational viewpoint, it is responsible for the tidal forces. The tensor Cabc is invariant at 
conformal rescalings gab ^^ ^'^dab- If it vanishes, it indicates that the metric is conformally flat 
(in dimension > 4; in lower dimension it vanishes trivially). 

In addition to Penrose's motivations for the WCH, other reasons come from Quantum Gravity. 
We expect that, near the Big-Bang, the quantum effects of gravity take over, but we know that 
gravity is perturbatively nonrenormalizable at two loops [11 13]. A vanishing Weyl tensor would 
mean a vanishing of local degrees of freedom, hence of gravitons, and this would remove some of 
the problems [1]. 

An important type of singularities which automatically satisfy a version of the WCH (stating 
that the Weyl curvature remains finite at singularity) are the isotropic singularities. They were 
researched by Tod [3 H El [9l [TO] , Claudel k Newman [11], Anguige & Tod [HI [TO]. The metric 
tensor in this case can be obtained by a conformal rescaling from a regular (i.e. non-singular) 
metric tensor, and presents nice behavior from conformal geometric viewpoint. Because the Weyl 
tensor Cabc^ is invariant at conformal rescalings, the main feature of the isotropic singularities 
is that the Weyl tensor equals that of a regular metric, hence remaining finite. If we apply a 
conformal rescaling to a metric tensor gab, the new metric (jab '■= ^"^gab has the Weyl curvature 
tensor Cabc'^ = Cabc'^, which is smooth, but not necessarily vanishing at O = 0. But Cabcd vanishes, 
since 

(1) Cabcd = dsdCabc^ = ^ dsdCabc^ = 0. 

A simple example of vanishing Weyl tensor is provided by the Friedmann-Lemaitre-Robertson- 
Walker (FLRW) cosmological model. This model implements the cosmological principle that the 
Universe is, at very large scales, homogeneous and isotropic. But it is irrelevant for the WCH, 
because it is too symmetric, and its Weyl tensor vanishes identically. 

In this paper we will prove that a much larger class of singularities, which includes among 
others the isotropic singularities, satisfies the Weyl curvature hypothesis. This larger class is 
not a random generalization of the isotropic singularities, but it appeared from our research 
on a different problem. Previous considerations led us to the idea that, for a singularity to 
be still manageable from mathematical viewpoint, some conditions are in order [Ml [TO]. These 
conditions allowed the definition of the Riemann curvature Rabcd (but not of Rabc)- This program 
successfully led to a better understanding of the black hole singularities (see e.g. [TO]). 



Further considerations suggested that the Ricci decomposition of the curvature tensor should 
be smooth, in order to ahow the writing of an equation which extends Einstein's at a large class 
of singularities, but is equivalent to it for non-degenerate metrics [17J. These singularities behave, 
mathematically, as if the metric loses one or more dimensions, and consequently as if the cotangent 
space loses one or more dimensions. They have, as a bonus, the property that Cabcd vanishes, as 
we will prove in 311 The proof is largely based on the idea that Cabcd = in lower dimensions. 

As an application, in fj2] we will study a very general cosmological model, which does not 
assume, like the FLRW model, that the space slices have the metric constant in time, up to an 
overall scaling factor a{t) which depends on the time only and which vanishes at the Big-Bang. 
In our model we will keep the overall scaling factor a{t), but we will allow the space part of the 
metric to change in time freely. The physical motivation is that in the actual Universe there is no 
perfect isotropy and homogeneity, and in fact at smaller scales the inhomogeneity is important. 
Working in such general settings, we will not be concerned at this time with the matter content 
of this universe. Because the solution is very general, the possibilities of matter fields which can 
give this kind of metric are limitless. This metric has non- vanishing Weyl tensor in general, but 
we will show that at the Big-Bang singularities Cabcd vanishes. 

0.2. Semi-regular spacetimes. We were initially interested in the general study of metrics 
which can become degenerate or change their signature |141 \T5\ 118) . We arrived at a large class 
of metrics with singularities, for which the Riemann curvature tensor Robed can be defined and 
remains smooth. The main obstruction is, of course, the fact that when the metric gab —> 0, 
its reciprocal g""^ — )> oo. This prevents standard tensor operations like index raising, and the 
contraction between covariant indices. Consequently, we can't define the Levi-Civita connection 
and its curvature. But in [T3] we found a large class of singular semi-Riemannian manifolds 
on which we can define covariant contraction, and eventually construct directly the Riemann 
curvature tensor Rabcd, which turns out to be smooth. To do this, we avoided working with VxY, 
which can't be defined, and used instead as much as possible the Koszul form, defined as: 

(2) JC{X, Y, Z) := ^{X{Y, Z) + Y{Z, X) - Z{X, Y) - {X, [Y, Z]) + (y, [Z, X\) + (Z, [X, Y])} 

which helps, for a non-degenerate metric, defining the Levi-Civita connection implicitly by 

(3) {VxY,Z) = lC{X,Y,Z). 

When the metric becomes degenerate we can't construct the Levi-Civita connection. 

In [13] we define the Riemann curvature Rabcd even for non-degenerate metrics, in a way which 
avoids the undefined V xY , but relies on the defined and smooth /C(X, Y, Z). 

To be able to define the Riemann curvature in terms of the Koszul form only, the differential 
1-form }C{X, Y, _) has to admit covariant derivative, which has to be smooth. This is equivalent 
to requiring that 

(1) /C(X, Y,W)=0 whenever W satisfies {W, X) = for any X 

(2) the contraction /C(X, y, ,)/C(Z, T, ,) is smooth for any local vector fields X,Y,Z,T. 

A semi-regular manifold is defined as a singular semi-Riemannian manifold satisfying the above 
conditions. Its metric is called semi-regular metric. A semi-regular spacetime is a 4-dimensional 
semi-regular manifold M with metric g which is non-degenerate on a dense subset of M, and 
which has the signature at each point (r, s, t), s < 3, t < 1 [14J. 

We defined the Riemann curvature Rabcd by 

(4) Rabcd = daTbcd — dbVacd + ^ac.^bd. — ^bc.^ad. 

where Tabc = ^{da^db, dc) are the Christoffel's symbols of the first kind. This is smooth for semi- 
regular manifolds. 



It is easy to see that from the smoothness of Rabcd follows the smoothness of the Einstein tensor 
density Gab det g, leading to the possibility of writing a densitized version of Einstein's equation, 
which remains smooth at semi-regular singularities [14] . 

But there is another way to write an equivalent form of Einstein's equation, which we introduced 
in [191 117) . It leads to an expanded Einstein equation, obtained from Einstein's equation by 
taking the Kulkarni-Nomizu product (section ^0.31 eqn. (jlOp ). This leads to a special class 
of semi-regular spacetimes, named quasi-regular spacetimes, which allow the formulation of the 
expanded Einstein equation. As it turned out, important classes of singularities are quasi-regular: 
the isotropic singularities, the Schwarzschild singularity, 1 + 3 degenerate warped products, in 
particular the FLRW Big Bang singularity. As we will see, the quasiregular singularities satisfy 
the WCH. 

0.3. Expanded Einstein equation and quasi-regular spacetimes. The standard Einstein 
equation is 

(5) Gab + J^Qab = uTab 

where A is the cosmological constant, and k := — -r-, Q and c being the gravitational constant 
and the speed of light. By 

(6) Gab ■= Rab - -^Rgab, 

we denoted the Einstein tensor, obtained from the Ricci curvature Rab '■= g^^Rasbt and the scalar 
curvature R := g^^Rgt- Einstein's equation ([5]) makes sense so long as the metric is not singular. 

One situation when the metric becomes singular is by becoming degenerate - i.e. its deter- 
minant becomes 0. Then, the inverse g can't be constructed, and Einstein's equation can no 
longer be written. 

In [191 E] we introduced a new version of Einstein's equation, called the expanded Einstein 
equation: 

(7) {G o g)abcd + Mg o g)abcd = k{T o g)abcd 

The new equation is equivalent to the standard Einstein equation so long as the metric is 
not singular, but it can be written, and remains smooth, even in cases when the metric becomes 
degenerate. The reason is that the expanded equation contains additional factors gab which cancel 
the singularities and the Kulkarni-Nomizu product Gog remains smooth. 

The tensor Sabcd is the scalar part of the Riemann curvature, and Eabcd the semi-traceless part 
of the Riemann curvature. They are defined (see e.g. [201 [HI [22] ) by: 

1 

(8) Sabcd = —7 T\^(.g ° g)abcd, 

n[n — 1) 

(9) Eabcd = 7:{S o g)abcd, 

n — 2 
where 

(10) {h o k)abcd ■= Kchd - Kdhc + hbdKc - hckad 

denotes the Kulkarni-Nomizu product of two symmetric bilinear forms h and k, and 

(11) Sab ■= Rab Rgab- 

n 
The Weyl curvature tensor is defined by 

(12) Gabcd = Rabcd ~ Sabcd ~ Eabcd- 



The expanded Einstein equation can be rewritten in terms of Eabcd and Sabcd- 

(13) '^Eabcd - ^Sabcd + Md ° g)abcd = k{T o g)abcd- 

In \19\ [T7] we saw that our version of Einstein's equation remains smooth at the FLRW Big- 
Bang singularity, isotropic singularities, 1 + 3 warped products with degenerate warping function, 
and at the Schwarzschild black hole singularity. 

This motivated the introduction of quasi-regular spacetimes in [T7] : 

Definition 0.1. We say that a semi-regular manifold {M,gab) is quasi-regular, and that gab is a 
quasi-regular metric, if: 

(1) dab is non-degenerate on a subset Mq C M dense in M (so that Mg = M) 

(2) the tensors Sabcd and Eabcd defined at the points p G Mq where the metric is non-degenerate 
extend smoothly to the entire manifold M. 

If a semi-regular spacetime is also a quasi-regular manifold, we call it quasi-regular spacetime. 

From mathematical viewoint, the condition that Mq = M is required to allow the extension 
by continuity of the tensors Sabcd and Eabcd at the points where the metric is non-degenerate. 
Prom physical viewpoint this condition is not limiting, because we don't expect the metric to be 
degenerate on four-dimensional volumes. We don't know of examples (even in theory) of a metric 
which is degenerate on a four-dimensional volume, and in fact, such a degeneracy would extend 
to the entire spacetime, because of the field equations. 

The central result of this paper is that the quasi-regular singularities satisfy the Weyl curvature 
hypothesis. 

1. The Weyl curvature vanishes at quasi-regular singularities 
Theorem 1.1. The Weyl curvature tensor Cabcd vanishes at quasi-regular singularities. 



Proof. From the smoothness of Rabcd, Eabcd, Sabcd, and from equation p2|) . follows the smoothness 

of Cabcd- 

The following considerations use objects described in detail in [T^, but we try to make the proof 
as self-contained as possible. Since the metric 5 is a bilinear form on the tangent vector space 
TpM, it defines, at the points p where is degenerate, the totally degenerate space T^pM := TpM-^, 
named the radical of TpM. We construct its annihilator 

(14) T'pM := {lo G T;M; u\t^^m = O} , 

named the radical annihilator. The radical annihilator is the image of the index lowering morphism 
b : TpM -^ T*M, X\Y) := {X, Y), VX, Y £ TpM: 

(15) T'pM = im b < T*M. 

The dual of the radical annihilator, {T*pM)* , is isomorphic with the quotient TpM/TopM. On 
T*pM, g induces a canonical non-degenerate metric defined by 

(16) g.{u;,T) := {X,Y) 

where X = uj and Y = r. This metric is used for covariant contractions, so long as the contracted 
tensor components live in T'pM. 

As it is shown in [14] , the Riemann curvature tensor Rabcd of a semi-regular semi-Riemannian 
manifold satisfies at each p £ M 

(17) {Rabcd)p e T'pM (g) T'pM (S) T'pM (g) T'pM. 



At the points p where the metric g is degenerate, dim (T'pM) < 4. Since in dimension < 3 any 
tensor having the symmetries of the Weyl tensor vanishes (see e.g. [H]), it follows that 

(18) {Cabcd)p = 

whenever g is degenerate at p. This concludes the proof. D 

2. Example: a general, non-isotropic and inhomogeneous gosmologigal model 

The FLRW model is very good for very large scales, where we can completely ignore any 
inhomogeneity and anisotropy in the distribution of matter. But in reality the universe is not 
homogeneous at all scales. This is why we are motivated in studying a spacetime (M, g) which is 
allowed to be inhomogeneous and anisotropic. We assume that there is a global time t : M € I 
where / C M is an interval. We also assume that the topology of the space slices Sj := T~^{t) 
is independent on the time t € I, being thus all of them diffeomorphic with a three-dimensional 
manifold S. Each manifold Sj is endowed with a metric tensor of the form 

(19) gij{t):=a{t)hijit), 

where 1 < ^, j < 3, h(t) is a Riemannian (non-degenerate) metric on S^, also represented as arc 
element by dat- We require a{t) and hij{t) to depend smoothly on t G /. While h{t) is Riemannian 
(and non-degenerate) for any t £ I, a(t) is allowed to vanish. The Big-Bang is therefore obtained 
for a{t) = 0. 

Therefore we see that it is natural to consider that the spacetime is M = I x S, with the 
following metric: 

(20) ds^ = -dt^ + a'^{t)dal 

If we take hij{t) to be independent on time, and of constant curvature, we obtain the FLRW 
model (which is not interesting from this viewpoint, because in this case Cabcd = trivially, for 
all times t.). But if we allow dcrf to depend freely on time, the solution is much more general. 
The Big Bang singularity obtained when a{t) = is much more general than the FLRW Big Bang 
singularity, because we allow the geometry of space slices (S^, h{t)) to be inhomogeneous and to 
vary with time. 

We will actually prefer to be a bit more general and allow the metric on / to become degenerate 
too: 

(21) ds^ = -N'^{t)dt^ + a^{t)da'i, 

where A^ : / — t- M is a smooth function. If N{t) ^ for any t G I, then a reparametrization of 
/ allows the metric to be of the form (j20p . so this generalization is important only when N{t) 
vanishes together with a{t). For reasons which will become apparent, we will require that 

(22) fit) := ^ 

is not singular. For example, if f{t) = 1 (hence N{t) = a(t)), the resulting singularities are just 
isotropic singularities, as those studied by Tod & al. But allowing /(t) to vanish together with 
a{t) leads to more general, anisotropic singularities. 
We are here interested in the most general case. 

Theorem 2.1. The metric (|21|) is quasi-regular. 

Proof. The plan is to prove that the metric is semi-regular, by showing that the terms in the 
Riemann curvature tensor ^ are smooth. Then we show that the Ricci decomposition 

(23) Rabcd = Eabcd + Sabcd + Cabcd- 



is smooth. 

The metric components are: 

^ ^ ^ ^ V 9j0 9ij J \ a\t)hij{t,x) 

The reciprocal metric components are: 
(25) ,-^^,,,)-(r 9'"\_(-N-\() 



The partial derivatives of the metric tensor are therefore: 

500,0 =-2NN 

(26) ^°°'^ ^ ^ 

9ij,o = a{2ahij + ahij) 

9ij,k = « dkhij 
The second order partial derivatives of the metric tensor are: 



2(iV2 + iViV 



500,00 '- 

9oo,ko = 9oo,ok = 9oo,fc/ = 
(27) 5ij,oo = 2a'^hij + 2adhij + Aaahij + a^hi 



9ij,ko = a hadkhij + adkhij) 
9ij,ki = a dkdihij 



To check that g is semi-regular, it is enough to check that the terms of the form gab„9cd„ are 
smooth. By using the equations ([26|l we find that 



(28) 



500,. 500,. — -N 5oo,o5oo,o + a h"^ 9oo,c9oo,d 
= -4iV2 



9oo„9ij,. — —N goo,o9ij,o + a h^ 9oo,cgij,d 
(29) Na 



(30) 



— 2— \2dhij + ahij 

9ij,.9ki,. = —N~ gijfl9ki,o + a~ h'^ gij,cgki,d 
a2 



— 2 (2d/ijj + ahij){2ahki + ahki) + a^h'^^dchijddhki 



Ar2 
But since for a smooth function f(t, x) 

(31) ait,x)=fit,x)Nit), 
the terms calculated above become now manifestly smooth: 

500,. 500,. = -4iV2 

(32) 9oo,.gij,. = 2Nf \2ahij + ahijj 

9ij,.9ki,. = -P{2ahij + ahij){2ahki + ahki) + a^h'"^dchijddhki 

Therefore the metric g is semi-regular. 

We are now interested in proving that Ric o g and Rg o g are smooth. For this, we have to 
contract the terms from (I27p and (I32p . and see what happens when taking Kulkarni-Nomizu 
products with g. If we apply a contraction, to calculate the Ricci tensor, each of these terms will 



get an additional factor of N~'^ or a~^ = f~'^N~'^, which we hope wih be canceled by the terms 
A'^^ and a^ introduced by the Kulkarni-Noniizu products with g. 

So let's analyze each of the terms from (p7|) and ([32]) . We are not interested in the terms goo,ko, 
gooflk, and 500,^/, because they vanish. 

The term 500,00 can be contracted only by g^^. One such contraction, needed to get the Ricci 
tensor, introduces the factor N~'^, which is canceled by taking the Kulkarni-Nomizu product with 
the metric g, which introduces the counterfactor A^^ (since it introduces a^ = f'^N'^). Similarly, 
two contractions, needed to obtain the curvature scalar, introduce the factor A^~^, canceled by 
the factor N^ contained in gog. Similar reasoning leads to the conclusion that the terms obtained 
from goo,, goo,, are smooth too. 

For the terms of the form gij^kh or those of the form gij„gki,,, we have the following situation. 
Luckily, gij^ki already contains the factor a^, while 

(33) gij,.gki,. = f [-{2ahij + ahij){2ahki + ahki) + N'^h^'^dchijddhkij 

already contains the factor /^. A first contraction will introduce a~^ = /^^A^~^, but /^ was 
already present in the initial term. Multiplying with goo introduces the counterfactor A^^, which 
is enough to cancel the remaining factor N~'^. Noticing that gog contains 500 at most once in a 
given term, we conclude that the factors introduced by the second contraction are also canceled 
by taking the Kulkarni-Nomizu product. 

When contracting the terms of the form gij,ooi the contractions introduce the factors a^'^N^'^. 
Since a term of g o g contains at most one factor goo, this ensures the overall cancelation of 
a^'^N^'^. The worst case is in calculating Eahcd-, when the first contraction is with (7'-', because 
this introduces the term a~^ first. But then the Kulkarni-Nomizu product between resulting 
contracted term g^^ gij,oo and g will have only terms of the form g^^gij,oogki (the terms g^^gij,oogoo 
being canceled by taking the symmetries in pO]) ). and since g^i = aPhi^-i, it cancels the factor a~^. 
The terms of the form goo„gij,, behave similarly. 

It remains to see what happens with the terms obtained from the terms of the form gij^ko = 

a i2adkhij + adkhij). The term a?dkhij contains a?, so it doesn't pose problems. The only 



interesting term is ^jjfco •= aadkhij (or other permutations of the i,j,k indices). A contraction 
with g'^^ introduces a~'^, and we obtain a term of the form a~^Ako- The Kulkarni-Nomizu product 
of Ako with g has the form 

(34) Aojgki - Aoigkj, 

because goi = goj = 0. We know that a Riemannian metric in a space of dimension < 3 can 
always be diagonalized [23], so if we take hij{t) to be diagonal at the t in which we are interested, 
the above terms cancel one another. 

This concludes the proof that all terms contained in Rated, Eabcd, and Sabcd are smooth. Hence, 
the metric (J2T]) is quasi-regular. D 



This model can be connected with a cosmological model proposed by P. Fiziev and D. V. 
Shirkov [23], which consists in a dimensional reduction of spacetime (in topology and geometry) 
at the Big-Bang. When a{t) vanishes, the space can be considered, in a way, to shrink at a point, 
so that one remains only with the time dimension. There are several properties of our model 
which seem to support that, at least, the universe behaves "as if" the dimensionality is reduced: 
the reduction of the rank of the metric, of the dimension of the cotangent space at such singular 
points, and by a certain independence of fields with the degenerate directions. In fact, if N{t) = 
as well, it appears that the Universe emerged from a dimensionless point. Yet, the conditions 
in which such a dimensional reduction can be considered are not clear. Moreover, for our quasi- 



regular singularities it seems to be, at least at this time, better to maintain four topological 
dimensions, because such a reduction may, in general, lose initial data. 

3. Conclusion 

The semi-regular singularities are well-behaved from many viewpoints, allowing us to perform 
the most important operations which are allowed by semi-Riemannian manifolds with regular 
metric tensor. When they are in addition quasi-regular, we can write a smooth expanded version 
of Einstein's equation ( ^0.3p . 

The quasi-regular singularities offer a nice surprise, since they have vanishing Weyl curvature 
Cabcd- It follows that any quasi-regular Big Bang singularity also satisfies the Weyl curvature 
hypothesis (^. 

As a main application, we studied in ^a cosmological model which extends FLRW, by dropping 
the isotropy and homogeneity conditions. This generality is more realistic from physical viewpoint, 
since our Universe appears homogeneous and isotropic only at very large scales. This model 
contains as particular cases, in addition to FLRW, also the isotropic singularities. 
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